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Abstract:
The Weyl equation (massless Dirac equation) is studied in a fam-
ily of metrics of the Go¨del type. The field equation is solved
exactly for one member of the family.
PACS numbers 04.20q,04.20.Jb,04.40+c,98.80.k
1 Introduction
Field equations for different spins have been studied in the Go¨del universe 1−4and
its extensions 1,5−7.Here we consider the massless spinor field equation in a
family of homogeneous space-times of the Go¨del type 8,9.The metric of this
class of space- times is the cylindrically symmetric stationary type. We write
the metric in the following form,
1email: lopr@xanum.uam.mx
2email:amac@xanum.uam.mx
1
ds2 = −(dt +mdφ)2 + dr2 + dz2 + (l −m2)dφ2, (1)
where m and l are functions of r, they also satisfy one of the following
conditions:
D := (l +m2)1/2 = A1 exp[ar] + A2 exp[−ar], 1
D
dm
dr
= C (2)
or
D = Ar,
1
D
dm
dr
= C, (3)
here Ai and C are arbitrary constants. The whole matter content in the
universe described by metric (1) rotates uniformly and intrinsically with local
angular velocity:
Ωµ =
(
0, 0, 0,
−c√−g
dm
dr
)
(4)
2 FIELD EQUATION
In order to write the field equation for a massless spin 1/2 field we introduce
the tetrad eαµ(x), that satisfies the usual relation
gµν(x) = e
α
µ(x)e
β
ν(x)ηαβ . (5)
For the present case we can choose
e00(x) = 1, e
1
1(x) = 1, e
0
2(x) =
−m
D
, e22(x) =
1
D
, e33(x) = 1 (6)
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where the x0 = t, x1 = r, x2 = φ, x3 = z.
The curved Dirac matrices that satisfy
γµ(x)γν(x) + γν(x)γµ(x) = −2gµν(x), (7)
are given by
γ0(x) = γ˜0 − m
D
γ˜2, γ1(x) = γ˜1, γ2(x) =
1
D
γ˜2, γ
3(x) = γ˜3, (8)
where the γ˜α are Dirac matrices in flat Minkowski spacetime.
Weyl equation in curved spacetime is
γµ∇µψ(x) = 0, (9)
(1 + γ5)ψ = 0 (10)
with
∇µ = ∂µ + Γµ, Γµ = 1
8
[γ˜αγ˜β ]e ναeβν;µ, (11)
and
γ5 = γ0γ1γ2γ3. (12)
In the case of the metric (1) the spinorial connections are,
Γ0 =
m′
4D
γ2γ1, Γ1 =
m′
4D
γ0γ2,
Γ2 =
m′
4
γ0γ1 +
mm′ + l′
4D
γ1γ3, Γ3 = 0 (13)
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where the prime means derivative with respect to r. Using the standard
representation of the gamma matrices, Dirac equation reduces to
γ0ψ,0+γ
1ψ,1+
1
D
γ2ψ,2+γ
3ψ,3−m
D
γ2ψ,0− m
′
4D
γ2γ0γ1ψ+
2D′
D
γ1ψ = 0, (14)
in the above equation we can be separate variables according to
ψk = exp [−i(k0t+ k2φ+ k3z)]
(
ξ1(r)
ξ2(r)
)
(15)
with ξi two-component spinors, and ki constants. The chirality condition,
Eq.(10) implies that
ξ1 = ξ2 =
(
R1(r)
R2(r)
)
(16)
and Eq.(9) is now
R2,1 +
D
(k0m− k2)R2 + i(m
′
4D
− k0 − k3)R1 = 0, (17)
R1,1 − 1
D
(kom− k2)R1 + i(k3 − k0 − m
′
4D
)R2 = 0. (18)
In all the previous equations we have not used an explicit form for the func-
tions l(r) and m(r), we have been able to solve Dirac equation for the second
form of those functions (Eq.(3)). If we eliminate R2 between the above two
equations and using the explicit expression for m = m0 +
CA
2
r2 we obtain
R′′1 + {
1
Ar2
(k˜0r
2 − k˜2)[1− 1
A
(k˜0r
2 − k˜2)] + E}R1 = 0, (19)
where we defined
k˜0 =
k0AC
2
, k˜2 = k0m0 − k2, E = (k3 − k0 − C
4
)(
C
4
− k0 − k3)− 2k˜0
A
(20)
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3 EXACT SOLUTIONS
The solution to Eq.(19) is
R1(r) = (
√
2A˜r2)
−1
4 [A1Mκ,µ(
√
2A˜r2) + A2Wκ,ν(
√
2A˜r2)], (21)
where
A˜ = (
k0
A
), (22)
and Mκ,µ and Wκ,µ are the Whittaker functions defined in terms of the con-
fluent hypergeometric functions M and U,
Mκ,µ(x) = e
−x/2x1/2+µM(
1
2
+ µ− κ, 1 + 2µ, x), (23)
Wκ,µ(x) = e
−x/2x1/2+µU(
1
2
+ µ− κ, 1 + 2µ, x), (24)
and the parameters κ and µ in this case are given by
κ =
E√
8A˜
, µ =
√
1
16
+
1
2
1
A
k˜2(1 +
1
A
k2) (25)
On this solution we impose the condition that the Whittaker functions
must be bounded for all values of r. This condition is realized if and only if
1
2
+ µ− κ = −n (26)
noi here n is a positive integer or zer. From the above definitions that is
equivalent to
1
2
+
√
1
16
+
1
2
1
A
k˜2(1 +
1
A
k2)− E√
8A˜
= −n, (27)
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where n is a natural number or zero.
In this way we have been able to solve the Weyl equations for a family of
spacetimes of the Go¨del type.
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